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Abstract. An improving efficient algorithm for generation of
the semi-state equations in full symbolic, partly symbolic or
numeric form is presented. This algorithm has been
implemented in a program – called SSEMG – Semi-State
Equation Matrix Generation. The program allows the
formulation of the semi-state matrices in full symbolic, partly
symbolic or numeric form. Using the semi-state equations in
which the parameters associated to the nonlinear elements
are considered as symbols, we obtain an improving of the
accuracy in the numerical calculations. The semi-state
equations can be integrated by a Matlab routine. Using the
semi-state equations in operational form (for the linear
and/or piecewise-linear nonlinear analog circuits) the
transfer functions in full symbolic, partly symbolic or
numeric form are generated. An illustrative example is given
to prove that SSEMG program is a very useful tool for
symbolic analysis and design of linear and/or nonlinear timeinvariant analog circuits.

The vector im contains the currents of the independent
voltage sources, the currents of voltage sources
controlled both in current or in voltage, the controlling
currents of the current-controlled voltage sources
(CCVSs) and of the current-controlled current sources
(CCCSs), the currents of the current-controlled nonlinear
resistors, the currents of the current-controlled nonlinear
inductors, and the linear inductor (magnetic coupled or
not) currents.
Because numerical differentiation is a relatively
inaccurate operation, we approximate the qk - vk(vk - qk)
curve of each voltage-controlled (charge-controlled)
nonlinear capacitor and the ϕ k − ik ( ik − ϕ k ) curve of
each current-controlled (flux-controlled) nonlinear
inductor by piecewise-linear segments, [1-15, 17]. In
order to simplify the description of the nonlinear
resistors, their v - i (v - i) curves will be approximated by
piecewise-linear continuous curves, or by new curves in
which the nonlinearities are transferred to the sources.
[16].
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1. INTRODUCTION

Using the semi-state equations in which the parameters
associated to the nonlinear elements are considered as
symbols, we obtain an improving of the accuracy in the
numerical calculations. In the case of the linear timeinvariant analog circuits, the semi-state matrix in
symbolic form can be farther used to obtain a simplified
expression of any circuit function, preserving a “cluster”
of poles and zeroes [1 - 11, 17].

The nodal approach in circuit analysis has two variants,
[1, 2, 7, 17]:
1. The first - using companion circuits (resistive discrete
circuits associated with an integration implicit
algorithm), that gets the dynamic circuit response by the
analysis of a sequence of resistive circuits. In the
modified nodal analysis (MNA) the circuit matrix is
obtained by augmentation of the nodal conductance
(admittance) matrix corresponding to the non-NAcompatible circuit elements with additional rows and
columns;
2. The second one - using the circuit equations in
dynamic behavior obtained by KCL and the constitutive
equations of the circuit elements. The dynamic behavior
description of the circuit by modified nodal equations is
known as the semi-state variable method, and uses those
variables which are most convenient from the point of
view of the analysis results.

In this paper we propose an improving algorithm to
automatically formulate the semi-state equations in full
symbolic, partly symbolic or numeric normal-form, for large
time-invariant analog circuits. Starting from the circuit
description in the netlist form, our method is based on
Kirchhoff’s laws, constitutive equations of the circuit
elements, and it uses the facilities of symbolic simulator
Maple. The state equations are integrated by a routine
from MATLAB package.
Using the semi-state equations in operational form (for
the linear and/or piecewise-linear nonlinear analog
circuits) the transfer functions in full symbolic, partly
symbolic or numeric form are generated. An illustrative
example is given to prove that SSEMG program is a very
useful tool for symbolic analysis and design of linear
and/or nonlinear time-invariant analog circuits [3].

The independent variables of both methods above are: n
− 1 node voltages that make up the voltage vector vn-1; m
branch currents, which cannot be expressed in respect to
the node voltages or to the first order derivatives of the
node voltages and the circuit parameters, which make up
the vector of controlling currents im.
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If for the nonlinear inductors (nonlinear capacitors) the
magnetic fluxes (electrical charges) are considered as
independent variables, the matrix W is independent of x.
Using the definition of the transfer function in matrix
form, [4.]:

2. AUTOMATIC SETTIG-UP OF SEMI-STATE
EQUATIONS FOR ANALOG CIRCUITS
In dynamic behavior, the inductor (capacitor) equations
contain current (voltage) derivatives. Consequently, the
modified nodal equations must contain derivatives of the
independent variables. Their general form is, [1 – 11,17]:

⎧⎪Wx& (t ) + Gx (t ) = Bu(t )
⎨
⎪⎩ y (t ) = Lt x (t )

(1)

⎡v ⎤
x (t ) = ⎢ n −1 ⎥
⎣ im ⎦

(2)

H (s ) =

H (s ) =

(7)

Y (s )
= Lt (G + sW )−1 B .
U (s )

(8)

Multiplying both sides of the first equation in the system
(5) by G−1 (the matrix G being a nonsingular matrix), we
can write:

is the circuit independent variable vector, with initial
condition x 0 = x (t 0 ) ;
d ⎡v n −1 ⎤
⎢
⎥
dt ⎣ i m ⎦

Y (s )
,
U (s )

and tacking into account the operational equations (6),
we get the following expression of the transfer function
matrix:

where:

x& (t ) =
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(3)

⎧⎪(I − sP )X (s ) = RU (s )
⎨
⎪⎩Y (s ) = Lt X (s )

(9)

P = −G −1W , R = G −1 B .

(10)

where
is the derivative of the independent variable vector;
W
and
G
are
square
matrices
having
(n − 1 + m) × (n − 1 + m) dimension;
⎤
⎡i
u = ⎢ sc,n −1 ⎥
⎣ em ⎦

From (9), the network function H(s) takes the form:
H (s ) =

(4)

A more efficient procedure to generate network
functions in matrix form, based on the semi-state
equations in frequency domain (5), consists in the
following steps, [17]:
Step 1: Starting from the input file of the netlist type (in
which the circuit can contain multiple inputs) the semistate equations in time-domain are generated;
Step 2: Considering null initial conditions, the semi-state
equations in time domain are transformed in the
frequency domain (using Laplace transform);
Step 3: The algebraic equations obtained in the previous
step are solved in respect of the Laplace transforms of
the semi-state variables. In the case of large-scale analog
circuits we can use the reduction algorithm of the semistate equation number [41];
Step 4: The suitable output variables are expressed in
respect of the inputs and of the complex variable s;
Step 5: Taking into account the definitions, all network
functions are performed.

B and L are selector matrices, with entries (−1, 0 or 1),
and the superscript “t” denotes the transpose.
For the linear and/or piecewise-linear nonlinear analog
circuits, the semi-state equations in frequency domain
and with zero initial conditions have the following
structure [3 – 11, 17]:

(5)

For the case of nonlinear elements, the semi-state
equations of the circuit become
⎧W ( x (t )) ⋅ x& (t ) + Gx (t ) + F ( x (t )) = Bu(t )
⎨
t
⎩ y(t ) = L x (t )

(11)

Because the expression (11) needs the inversion of two
matrices, G and (I − sP), the formula (8) is more
advantageous.

is the input vector, with isc,n-1 - the vector of the shortcircuit currents, and em is the electromotive force vector
of the ideal independent voltage sources, and of the
sources resulted from the nonlinear characteristics of the
nonlinear current-controlled elements which are piecewise linearized.

⎧(G + sW )X ( s ) = BU (s )
⎨
t
⎩Y (s ) = L X ( s )

Y (s )
= Lt (I − sP )−1 R .
U (s )

Remarks

(6)

• For MIMO systems the most efficient procedure to
generate the transfer functions is the procedure based on
the direct solving, either of the state equations or of the

where F ( x (t )) is a nonlinear function of x.
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semi-state equations, in the complex frequency domain,
because these techniques do not inverse any matrix.
Because of this, they allow a large number of symbols
that is, without doubt, a great advantage for the
automatic design;
• In general, the dimension of (sI - A) matrix is much
smaller than the dimensions of (sW + G) and (I - sP)
matrices, but it is less sparse.

or nonlinear analog circuits, even when they have excess
elements. The SSEMG generates the semi-state matrices
(W, G and B) in symbolic, numeric-symbolic or numeric
form.

The semi-state variable method can be applied to a
large class of nonlinear circuits containing both linear
and nonlinear non-monotonic resistors, inductors and
capacitors, independent voltage and current sources, the
four types of linear controlled sources, time-variable
resistors (as models for the switches) and any type of
excess elements. It has a lot of advantages, [3, 17]:
• the semi-state equations are simply formulated from
the netlist;
• it does not impose restrictions to the nonlinear
characteristics;
• it does not require an associated discrete equivalent
circuit which needs an additional computing effort,
especially when the numeric integration is made
with changeable time step;
• the matrices W and G are sparse, consequently, they
require just a little space of memory in a computer
implementation; this compensates the disadvantage
to operate with a large number of variables;
• by simply cancellation of the matrix W and by
solving an algebraic system of equations, the DC
analysis can be performed; this can be necessary for
finding initial conditions of the dynamic behaviors;
• the method can be applied for nonlinear and/or
switching circuits;
• for the nonlinear circuit analysis, the method has the
great advantage that allows keeping as symbols only
the parameters of the nonlinear elements; so the
elements of W and G matrices, depending on the
linear circuit elements, are computed only once, at
the beginning of the iteration procedure.

The SSEMG principle window is presented in Figure 1.

This is an interactive tool that combines symbolic and
numeric computational techniques, and which uses the
facilities of symbolic simulator Maple to manipulate the
symbolic expressions.

The SSEMG program has two variants:
1. SSEMG_maple_e – generates the semi-state matrices
in the symbolic and numeric form for the Maple symbolic
simulator;
2. SSEMG_matlab_e – generates the semi-state matrices
in the symbolic and numeric form for the Matlab
simulator.
In order to understand easy the use of the SSEMG
program we consider, as example, the circuit shown in
Figure 2.

Figure 1. The SSEMG principle window.

In order to understand better the SSEMG program we
consider, as example, the circuit shown in Figure 2.

The above method to systematically formulate the semistate equations in symbolic, form for linear and/or
nonlinear time-invariant analog circuits with excess
elements was presented in detail in [1 - 11, 17].
3. SSEMG SYSEG PROGRAM DESCRIPTION
Figure 2. Two parallel resonant circuits coupled through a
two-port passive network.

SSEMG – Semi – State Equation Matrix Generation
program was developed (Figure 1) in order to formulate
the semi-state equations in symbolic, numeric-symbolic
or numeric normal-form for a large class of linear or
nonlinear analog circuits, [3]. These circuits may contain
both linear and nonlinear resistors, inductors, and
capacitors, independent voltage and current sources, and
the four types of linear controlled sources. SSEMG is
written in C++ language and it is implemented on the
compatible IBM PC. It is an improved software
environment that allows the analysis and design of linear

The two voltage-controlled nonlinear resistors Rdvc2 and
Rdvc9, describing by the two polynoms of the third degree,
are substituted by two ideal independent current sources.
After opening the main window, the input file ex7_1.txt
which describes the topology of the circuit in Figure 2 is
generated. The input ex7_1.txt has the following
structure:
C1 1 0 1.0e-11
39
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I2 1 0 1.0
L3 1 0 2.8095e-09
R4 1 0 3500.0
R5 1 2 113.5
C6 2 3 2.53e-12
L7 3 4 10.60786e-09
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Matlab_lit.exe
program
gives
the
lit_ex7_1_matlab_out.txt output file. This output file has
the following structure:

I9 4 0 1.0
L10 4 0 1.2678e-09
R11 4 0 3500.0
C12 2 0 6.5e-12
.END

W=[C1, 0, 0, 0, 0, 0, 0;
0, C6+C12,-C6, 0, 0, 0, 0;
0, -C6, C6, 0, 0, 0, 0;
0, 0, 0, C8, 0, 0, 0;
0, 0, 0, 0, -L3, 0, 0;
0, 0, 0, 0, 0, -L7, 0;
0, 0, 0, 0, 0, 0, -L10];

On the next step, call the SSEMG_maple_e.exe program
and introduce the input file ex7_1.txt and the output file
ex7_1_maple.txt (see Figure 3);

G=[G4+G5, -G5, 0, 0, 1, 0,
0;
-G5, G5, 0, 0, 0, 0, 0;
0, 0, 0, 0, 0, 1, 0;
0, 0, 0, G11, 0, -1, 1;
1, 0, 0, 0, 0, 0, 0;
0, 0, 1, -1, 0, 0, 0;
0, 0, 0, 1, 0, 0, 0];

B=[ -I2; 0; 0; -I9; 0; 0; 0]
Figure 3. Introduction of the input file ex7_1.txt and the
output file ex7_1_maple.txt.

Because the G matrix is a non-singular matrix, the semistate equations of the circuit in Figure 2 can be written in
the following matrix form:

By pressing “Solve” button, after a small time, the
message shown in Figure 4 appears;

x& = P −1 ( x + R ) P = −G −1W , R = G −1 B .

For the numeric values of the circuit parameters (see
Figure 2): C1=10 nF, L3=2.8095nH, R4=3500 Ω,
R5=113.5 Ω, L7=10.60786 nH, C8=20 nF, L10=1.2678 nH,
R11=3500 Ω, C12=6.5 nF, a=−0.0085 S, and b=0.00071
S/V2, and the initial conditions uC1(0)=2 V and uC8(0)=2
V, to integrate the equations (12), by a Matlab integration
routine, to obtain the results presented in Figures 5 and 6.

Figure 4. The message which appears when we press on the
“Solve” button.

After running GMESS_maple_e program, the following
ouput files are generated:
1. lit_ex7_1_out.txt;
2. num_ex7_1_out.txt;
To generate the W, G and B semi-state matrices in a form
according to the Maple program, we call the
Maple_lit.exe program (Figure 5).

Figure 5. Calling the Maple_lit.exe program.
Figure 6. The currents i2 - iRdv2 and i9 - iRdv9 vs time.

This program gives the lit_ex7_1_out_maple.txt output
file, which has the structure:

W:=matrix([
[ C1, 0, 0, 0, 0, 0, 0],
[ 0, C6+C12, -C6, 0, 0,
0, 0],
[ 0, -C6, C6, 0, 0, 0, 0],
[ 0, 0, 0, C8, 0, 0, 0],
[ 0, 0, 0, 0, -L3, 0, 0],
[ 0, 0, 0, 0, 0, -L7, 0],
[ 0, 0, 0, 0, 0, 0, -L10]]);

G:=matrix([
[ G4+G5, -G5, 0, 0, 1, 0, 0],
[ -G5, G5, 0, 0, 0, 0, 0],
[ 0, 0, 0, 0, 0, 1, 0],
[ 0, 0, 0, G11, 0, -1, 1],
[ 1, 0, 0, 0, 0, 0, 0],
[ 0, 0, 1, -1, 0, 0, 0],
[ 0, 0, 0, 1, 0, 0, 0]]);

B:=matrix([[-I2],[0],[0],[-I9],[0],[0],[0]]);
If we call the GMESS_matlab_e program and
introduce the ex7_1.txt input file and
ex7_1_matlab.txt output file, then it is called
GMESS_matlab_e
program
with
lit_ex7_1_matlab.txt
input
file.
Finally,

(12)

we
the
the
the
the

Figure 7. The voltages vC1 and vC8 vs time.
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Figure 8. The characteristics iR2 = f(vR2) and iR9 = f(vR9).

4. CONCLUSIONS

The paper presents an improving efficient algorithm for
generation of the semi-state equations in full symbolic,
partly symbolic or numeric form. This algorithm has been
implemented in a program – called SSEMG – Semi-State
Equation Matrix Generation.
The program allows the formulation of the semi-state
matrices in full symbolic, partly symbolic or numeric
form. Using the semi-state equations in which the
parameters associated to the nonlinear elements are
considered as symbols, we obtain an improving of the
accuracy in the numerical calculations. The semi-state
equations can be integrated by a Matlab routine.
Using the semi-state equations in operational form (for
the linear and/or piecewise-linear nonlinear analog
circuits) the transfer functions in full symbolic, partly
symbolic or numeric form are generated.
Circuits may contain both linear and nonlinear elements
such as: resistors, inductors or capacitors, independent
voltage and current sources, linear controlled voltage and
current sources.
Starting from the circuit description in the netlist form,
our method is based on Kirchhoff’s laws, constitutive
equations of the circuit elements, and it uses the facilities
of symbolic simulator Maple. The state equations are
integrated by a routine from MATLAB package.
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